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ABSTRACT

We state upper and lower bound formulas  for the tors ional  s t i ffnes s  of

shaft s of vary ing circular  cross section , in accordance  with the classical

Michell formulat ion of this problem , th roug h use of the princi ples of min imum

potential and complementary  energy.  The general  r e su l t s  a re  used to obtain

explicit f i r s t -approximat ion bounds which , for  the l imi t ing case of the

cylindrical shaf t , reproduce the  known e l ementa ry  exact  r e su l t s .  It is con-

jectured that  the f i r s t - approx ima t ion  lower bound is si gn i f i can t l y c lose r  to

the exact result  than the f i r s t - approx imat ion  upper bound.
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ON BOUNDS FOR THE TIORSIONA L STIFFNESS OF SHAFTS OF

VARYING CIRCULA R CROSS SECTION

E. Reissner

We consider , in term s of cylindrical  coordinates  r and z , a

• homogeneous isotropic linea r elastic solid bounded by plane surfaces  z 0

and z = L, and by a surface of revolution r = r ( z )  for  0 < Z ~ L. We assum e

• that the surface portion z 0 is held fixed , and that the boundary conditions

for the surface  portion z = L are mixed conditions , of prescr ibed c i rcumfer-

ential disp lacement v = O r .  an’~ of vanishing normal s t ress  
~ 

and shear

stress T We fur ther  assume that the surface po rt ion r r (a )  is t rac t ion
rz o

free.

The solution of this problem can be obtained , as f i r s t  shown by J. H.

Michell , by assuming the va nishing of all radial and axial disp lacements  and

of all s t resses  except T and T ~~. W ith this the re  remain  the s t r e s s  st r a i n
r O z?

relations T ~ = GY and T ~ = GY ~~~, with s t ra in  disp lacement relations

—1
V = V , V = r(r v) , ( 1)

ZV , Z r~ ,r

where v is independent of 8, and with s t ress  s t r e s s - f u n c t i o n  re la t ions

r = r
2

’I’ , I = — r 2
’I’ , (2 )

zv ,r r8 ,~~~~

where ‘I’ is independent of 9.

While the boundary conditions for  a = 0 and z L are  now d irec t ly

given in terms of v , the corresponding condi t ions  of no t r ac t ions  for

r = r (z) are  readily shown to be equivalent  to the one condi t ion  ~~r const .

In what follows we are  in teres ted , in par t icu la r , in the values of the

stiffness coefficient K in the torque-twist  relation T = KO where

T j
~r 

r2 dr.  (3)
0 

zO
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Specifically, our object is to obtain upper and lower bounds for  K , t h r o u g h

use of both the princ iples of minimum potential  and m i n imum comp lemcn ta ry

energy,  analogous to what has recently been done for  the problem of the end

loaded cantilever beam , treated within the f ramework  of the theory of plane

stress [1].

The appropriate basic inequalities for  the special case under  consid-

eration are readily shown to be of the form

— z i ij J °  ~~ rdrdz � ~~~~ � Z I T J J °  A rdrdz . (4)

In this we have

A = ~G ~~~~~~~ + 
~
. 

~
), ~ (~ 

+ ~ , (5)

where  and are  given in te rms  of a funct ion ~ in accordance w ith

(1),  and and 
~ r8 

are  given in t e rms  of a funct ion ‘I’ in accordance

with (2).  The function must be differentiable and satisf y the bounda ry

conditions (r , 0) 0 , v(r , L) = er.  The function ‘I’ must  also be diffe r-

entiable and satisfy the boundary condition W[r ( z ) ,  z] = const . for  0 � z < L.

Furthermore , ~ and ‘I’ must be such that the double in t eg ra l s  in (4) do in

fact exist. We note that the equal signs in (4) app ly in the event that  ~ and

W , respectively , are  the actual solution funct ions v and ~I’ of the Michel l

boundary value problem.

First  - Approximation Upper Bound. We assum e

= r V(z) (6)

giving V 9 = 0 and >‘~e r V ’(z) and therewith

- ,L~ r L
A rd rdz  = ~1TG 1 {v ’(z)r ~0 dz. (7)

• We determine V(z) by setting 6
~~d 

0, subject to the constraint

cond it ions V(0)  0, V(L) =G ,and obtain

-4

2

_ _ _  - - S ~~~ . -.-~~~~~.—— • •.—- -,.~~~~~ .---- ~~~



.—,IIu
uuJI

•1

(8)
V ( z ) = e — ~---

S
L

r~ 4
dz

0 °

and~therew~th .
-. 

~Ge2

S

L 
r~~~ 

‘

0
0

and then , f r o m  (4),

K ui L K .  (10)

2 1 r
4

dz 1 •J o °

We note that  K is the approximate  value of K which  fol lows by an

elementary combination of the solut ions for  a l a rge  numbe r of shor t  sha f t s

of appropriate d i f fer ing  unifo rm circula r c ross  sec t ion .

F i r s t -Approximat ion  Lower Bound. We assume
—

4
‘~‘ = c ( r / r  ) . ( 1 1)

0

which sat isf ies  ‘I ’(r , z) = c, is exact for the unifo rm d i a m e t e r  case.  and g i ve s
0

T = 4cr 4 r , T 4cr 
S

r l r2
. (12)z~~ o rB o o

Therewith

L r  2 L
11

8 = — Z i T $ °  ~ rd r dz  Z1T~e — ~~~ J r 1 + ~.( r ~,)
2 
]~~~~~~~

.
. (13 )

We determine the smallest value of 11 by se t t ing  ~fl / ’C  0. This gives

- 1TGO~
L ‘ , ( 14)

4j ’ [1 + ~~
- (r~~)

2
J r~~~ dz “.L~t’ 

+ ~ ( r i )2 ] r~~ dz

.
~i. 
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and then , from (4),

K = 
irG 

. ( 15)LI 
z!

L 
t 1  + (2 / 3 ) ( r i ) 2 J  r~~ dz

• We note that K = K = K , as it must be , for the  case of the un i formLI  U i  or circular cylinder for which r ’ = 0 , throug hout. For o ther  cases we expect,

on the basis of experience with other problem s, that  K LI will be a better

approximation than K
~~i to the exact value of K.

Results for conical sha ft s. Setting r = a + z tandy, where  a and

cx are  constants we find , from ( 10)  and (15) ,

_ _  
I

— 1 + (2 / 3 )  tan2rv 
( 16)

showing a si gnif icant  d i f fe rence  between K L 1 and K u i  for  su f f i c i en t ly l a rg e

• values of ~~. For example , when ~ 3Ø0 then K
L1 /K U I  = 9/ 1 1  .82 , and

when ~~ = 450 then K L1 /K
U l  .6. We note that the known c losed - fo rm

solution for conical shaf ts , ~~~~ is not an exact solution of the problem as stated

here inasmuch as this  closed-form solut ion imp lies  r i gid rota t ions  of

spherical end sur faces , ra ther  than of plane end sur faces .

Higher-Approximation Bounds. It appears to be easier to de r ive

improved lower bounds of relatively at t ractive appearance than to do the

• same for the problem of upper bounds.

In order to obtain a sequence of lowe r bounds K
LN for  N = 1 , 2 . . .

we may set

( r / r ) 4 C c  + c
2

( r/ r  )2 + ... + c
N

( r / r ) 1 , (17)

and then de te rmine  values of the coefficients c~ f rom the N s imul taneous

linear eq uations ~f l /~~c~ 0, n = 1 ,2 , .. . , N.

In order  to obtain improved upper  bounds K
UN we may set , in

generalizat ion of (6)



=P  ~rV1 (z) + r 3V 2 (z)  + ... + r
2
~~ 

- 

V
N

( z )
~ 

. (18)

In this  the functions V have to sa t i s f y the cons t r a in t  bounda ry c o n d i t i o n s
• 

• V (0) 0 , V (L) I , V2 (L) = 0, . . .  , V (L) 0 , wi th  the va r i a t i o n a ln N
equation ôfld = 0 then leading to a system of s imul taneous  l inea r second-

order d i f ferent ial equations for the funct ions  V

To i l lus t ra te  the nature  of the problem we cons ide r  the case

= ~~(rV 1 + r3V 2 ) where we wil l  a s s u m e ,  add i t iona ll y, t ha t  V1 cori cides wi th
the solution func t ion  V in our f i r s t - app rox ima t ion  c a l c u l a t i o n .  We now
obtain , in place of eq uation (7)

~~d =~~~Ge2 J ~~~[r 4 ( V ~~)2 ~~~ re V~ + f r B ( V ~~)2 +~~~ r~ V 1’V~~J dz ( 19)

and with this , as d i f fe ren t ia l  equation for V2 ,

8r r ’
(r 8V~ ) ’ - r6 V 2 = - ± (r ~~V~~)’ = - 

° -s--- (20 )
$ ° ° ° 3S’

~r 4 d
0 °

The associated minimum value of 
~~d fol lows f rom ( 1 9 ) ,  w i th  the hel p of (20)

a and (8), in the form

= 

4S
L r 4 dz 

{1 - 
~~~~~ r r ’V2 dz] , (2 1)

0 0

and then from (4), and with K as in (10),

Kuz = K [1 - ~~~ ~~~~~ r r ’V 2 dz] . (22 )

Equat ion (22)  may be w r it t e n , with  the hel p of (20)  and upon mak ing  use of
the boundary conditions for V2 ,  in the a l t e rna t e  fo rm

K
~~2 K - 

~~ S
L
[r
8V~ + ~~~~~~ r R ( V ~~)2] dz~ , (22 1)



which makes it evident that  K
~~2 

is in fact  a bet ter  upper  bound for  K than  t he
fir st approx imation bound K u i •

• As regards the determination of the func t ion  V 2 we note the poss ibi l i ty

of an explicit solution , as a combination of powers of r , for  the case r = a

+ z tancx. The resul t ing ratio K
u2 /K u1 is a less simple express ion  than  the

ratio K
L 1/ K U 1 

in ( 1 6 ) ,  and we r e f r a i n  f rom stat ing it h e r e , in the hope that

some alternate,  simpler, upper bound improvement  mi ght be obtained la ter ,
• in a different way.
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